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It has been recently conjectured that for large systems, the shape of the central part of the large deviation
function of the growth velocity would be universal for all the growth systems described by the Kardar-Parisi-
Zhang equation in +1 dimension. One signature of this universality would be that the ratio of cumulants
Re=[(h3)J?/[(h?)(h).] would tend towards a universal value 0.415.1 . ast tends to infinity, provided
periodic boundary conditions are used. This has recently been questioned by Stauffer. In this paper we
summarize various numerical and analytical results supporting this conjecture, and report in particular some
numerical measurements of the raf for the Eden model.

PACS numbsg(s): 02.50-r, 05.70.Ln, 82.20.Mj

[. INTRODUCTION tions. At each time step, a growth event—whatever it is—
occurs in each site with probabilityt.

Phenomena ranging from growth processes to directed The quantityh, whose distribution we are interested in is
polymers in random media can be described on a large scatbe space-averaged height aftetime steps. Note that in
by the Kardar-Parisi-Zhan@<PZ) equation. In previous pa- [1,2], the variable under consideration was rathgr Nh;.
pers Derridaet al.[1,2] have conjectured that for all+1)-  That is why the formulation of the results may slightly differ
dimensional models within the KPZ class, the large deviatiorhere. Equivalently, we shall use as a variable, the averaged
function associated with the heightof the interface follows  velocity vi=h,/t.
some universal scaling in the limit of large systems. If t is large enough, the probability distributidd(h,)

If this conjecture is true, then it implies in particular that should become independent of the initial condition. In the
for periodic boundary conditions, the ratio of cumulants  long time limit, the large deviation functiohis defined as

[(h)c]? ~ InP(vt)
= (1) f(v)=Ilm——m——-. (2
C(h)e(hp)e too
converges towards a universal value 0.4I51. ast tends For large systems, we conjecture that when the deviation

to infinity. Here,h, is the space-averaged height, and-)  of , from its averager is at most of order N, the large
refers to ensemble averages. , , _ deviation function takes the form
In answer to some objections this conjecture raised, we
find it useful to explain more precisely in which frame we VoV
expect universality. It will also be an opportunity to summa- f(v)=KH N;) , 3)
rize how the conjecture has been verified in some other mod- \
els, since our last publicatidr3]. ) ) )
In Sec. IV, we shall explain why the numerical results WhereH has the following asymptotic behavior:
resented by Stauff¢d] for the Eden model are in fact not
ﬁ1 contradicg{on with our conjecture. In order to sustain our H(V)==VZ+O(V)? for |V|<1,
claim, we present numerical results for the Eden model that
have been performed in the proper frame. H(V)=~[2/3/(5\m]V®? for V-2,

- 32 _
Il. CONJECTURE OF UNIVERSALITY H(V)=—[4m/3]|V| for V——oo,
In this section, we shall first recall the content of the The coefficientC is defined as

conjecture. Though the KPZ equation can describe systems —

as different as particles moving on a lattice or directed poly- = 1 v @)
mers in random media, we shall consider only growth mod- ~oN2 lim ((h2) /)
els, in order to simplify the presentation. The extension to t—oo

other applications should be straightforward.
We consider a discrete growth model on a one-where(h?). is the second cumulant. The rescaling fadtor
dimensional lattice oN sites, with periodic boundary condi- is model dependant, but the shaldeis expected to be the
same for all microscopic models belonging to the KPZ class.
Note that the shap given above may reflect the type of
*Electronic address: Cecile.Appert@physique.ens.fr boundary conditions we use. For example, we may have a
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different result for open boundary conditions. Howewglis  the ratio of cumulan®R, converges towards the conjectured
conjectured to be universal in the sense that it would be th@nijversal value 0.41571. . . whent tends to infinity, in the
same forany microscopic model, given that we keep the |imit of a large system.

same geometrical constraints—in our case periodic boundary |t must be noticed that, as we are interested in the statis-
conditions. tics up to the fourth moment, of a quantity that is itself an

The knowledge of the central part of the large deviationaverage over a huge number of data, this calculation is enor-
function determines all the cumulan(st), as explained in  mously demanding in terms of computer time. Besides, to
the Appendix. The universality of the limit of Eql) is @  determineR, from a given simulation, we have less and less
direct consequence of the universality of the shape(8q.  statistics as increases. This is why fluctuations become im-

portant for larget.
Ill. ANALYTICAL VERIFICATION OF THE Thus, our numerical calculations are more indications in
CONJECTURE favor of the conjecture, rather than real numerical proofs.
) ) i i However, we find them quite significant. |@], some simu-

In this section, we summarize the analytical results thajaiiong had been performed for various deposition models.
have been obtained for the large deviation function on dif- Following this work, Stauffer had publishéd] some nu-
ferent models. First, the conjecture had been proposed aftgharica| results obtained for the Eden model, which seemed
the large deviation function had been calculated for one sp&, contradiction with the conjecture. We think there is in fact
cial model of the KPZ class, namely, the asymmetric excluy,g contradiction. The discrepancy comes from the definition
sion processASER). of time. If time is defined in the way we advocate below,

_ Inthe ASEP, one considers a systempgbarticles mov- e gur numerical results are clearly compatible with the
ing on a ring ofN sites. During every time intervalt, each conjecture.

particle jumps to the next site on its right with probability, First we recall the definition of the Eden model. We still
if this site is empty. Otherwise, it does not move. consider an interface growing on a ring wikhsites. At each
Of course, for this model, the large deviation functi@ e step, we choose one of the boundary sites, i.e., an empty
does verify the scaling3), with site that has at least one side in common with an occupied
1= site (this would correspond to versiohin Ref.[7]). When a
K= p( 3”) boundary site is chosen, it becomes occupied and its empty
7N neighbors become boundary sites.
As the shape of the interface varies with time, so does the
numberNg of boundary sites. In the continuous limit, at each
N time stepdt, each boundary site should be chosen with prob-
=——p(1—p). ability dt. This means that the largélg, the more probable
N-1 it is that at least one site will be chosen.
In order to take this effect into account in numerical simu-
lations, time should not be incremented by a constant amount
etween two choices of a boundary site. The time increment
should be weighted by B [8].
This is the main difference between our numerical simu-
Jations and Stauffer's. Stauffer was using the original version
of the Eden mod€]9], where time is not weighted. With the
(1= p) weighted definition of time, we find that our simulations pre-
K=e\|—3— sented in Fig. 1 are compatible with the conjecture.
7N Stauffer’s results give an indication that the original Eden
model would not belong to the KPZ class. This could be
expected from the following simple argument. As we ex-
plained above, taking a weighted time implies that an event
p(1—p). may occur in each site independently. If we take a non-
weighted time, this implies implicitly that the probability for
Brunet and Derrida have been considering directed poly@" €vent to occur in a given site depends on the shape of the
mers pinned on impurities. This model belongs to the kpZnterface in the whole system. Thus the growth rules are not
class if we consider that the height of the interface correlocal any more, and it is not so surprising that the model is
sponds now to the free energy for a polymer of length MOt in the KPZ class.
According to some preliminary results, it seems that the scal-
ing Eq.(3) for the large deviation function, and thus also the V. CONCLUSION
universal asymptotic value foR,, are verified[6].

and

Since then, Lee and Kirfb] have extended the result to
the partially asymmetric exclusion process, i.e., to the cas
where particles are allowed to jump either to the right or to
the left with probabilities (¥ €)dt/2 or (1—€)dt/2. To do
so, they have used the formalism of quantum spin chain
and found again the forr(8) with

and

VZEN_l

After rephrasing the universality conjecture [df], we
IV. NUMERICAL MEASUREMENTS FOR THE RATIO have_ summan;ed several analytical and numerlca_l results
obtained for different models that confront the conjecture.
OF CUMULANTS Ry . . S
We have presented here some simulation results indicating
For most models, however, analytical results are hard téhat also in the case of the Eden model, the cumulant fatio
obtain. It is more convenient to check numerically whethertends towards the conjectured value 0.415 1. in thelarge
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APPENDIX

As indicated in Ref[2], the cumulants in the long time
limit are obtained as

l <hp>c dn)\(a‘)

L tI_TO t  da" e

(] 200 400 a=0
t

(A1)

0.3

where the function\ («) is related to the large deviation
FIG. 1. Cumulant ratigR; as a function of time for different function f(v) by

system sizes. The horizontal dot-dashed line gives the expected
asymptotic value for an infinite system in the infinite time limit. The NMa)=max{f(v)+av]. (A2)
statistics were accumulated, respectively, during',18.5 v
X 10%,2.3x10'% and 8<10° time units, for the system sizds
=10, L=20, L=40, andL=80. Time is defined in such a way For =0, the maximum is achieved for the mean velocity
that at eaCh tlme Stedt, eaCh bOUndary Site may be Chosen W|th;‘/:7 For generala, the Velocny‘r/ Correspond|ng to the

probability dt. maximum is found as a solution of

time limit and for large systems, provided that the proper
definition of time is chosen.

Here we have considered only sequential dynamiqsri- . . ~
ori, we would expect the same scaling if parallel dynamic Fci_small @, this equatlor_1 can be sol\{ed by expa_ndmg
were used, as long as the process remains stochdstic —V in powers ofa. Reporting the result into E4A2) yields
heights would grow in parallel with probability one, of an expansion ok(«a) in powers of« whose coefficients

course no fluctuations would appear with timk would be ~ are—up to simple factors—the cumulants. In particular, the
interesting to have numerical or analytical results in thisfirst two terms of the expansion just give the definition of the

a+f'(v)=0. (A3)

case. mean velocity(h;)=v and the definition(4) of K.
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